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DETERMINANTS_

Y| IMPORTANT FORMULAE 1/
Determinants
a G,
® Determinant of order 2 : BLLANIN= ab, —asb;
al 2
® Determinant of order 3 :
a a a4
L beu by b, b, o )
e i) —a +a
¢ ¢ G Lle, ¢ 2le, ¢35 " 36 ¢
= ay(bycg — byey) —ay (byeg —bgey) +ayg

(bycy —bycy)
Minors and Co-factors :
® The minor M, of an element a,; is the value of the
determinant olbtamed by deletmg the ith row and jth
column of given determinant,
and co-factor ofay, C,=( 1y +i M
b ; bs‘

Minor of a, in given above det. = o
1 3

"+ a, belongs in 1st row and 2nd column

b! b:i
. Co-factor of a,, = (— 1)! +# ol
b, b, :
~ C1 Cy == 13 301)
a, a o |8 ag
Minor of b, = and Co-factor of b, =
c 3 2 G
] a; Qg a; ag
Minor of b, = ¢ ¢ and Co-factor of b, = ok )

Co-factors of a,, a,, as, by, by, b, ¢4, ¢y, ¢4 are denoted
by the capital letters A}, A,, A,, B, B,, B;, C,, C,, Cq4
respectively.
Properties of Determinants :

® Ifrows be chariged into columns and columns into rows,
the determinant remains unaltered.

@ If two rows or two columns in a determinant are
identical, the value of the determinant is equal to zero.

® If all the elements of any row or column be multiplied
by a non-zero real numbers k, then the value of the
new determinant is % times, the value of the original
determinant.

® If each entry in a row or column of a determinant is
written as the sum of two or more terms, then the
determinant can be written as the sum of two or more
determinants.

® If each entry of one row or column of a determinant is
multiplied by a real number & and the resulting product
is added to the corresponding entry in another row or
column in the determinant then the resulting
determinant is equal to the original determinant.

® Ifeach entry in any row or column of a determinant is
0, then the value of the determinant is equal to 0.

® If any two adjacent rows or columns of a determinant
are interchanged, the resulting determinant is the
negative of original determinant.

Area of Triangle :

® Ifthe vertices of AABC are A(xl, ¥), Blxg, ¥,) and Cla,,

¥3), then

T x oy 1
area AABC = 571 Y2 3| = 5% ¥y, 1
1 11 X Yy 1

® Ifthe points A, B and C are collinear, then the area of
AABC =0

® Ifthe elements of one row or column and corresponding
co-factors of the other row or column are multiplied
and added, then this sum is 0. For example, :

a1 Ay +aphg0 +a13A5 =0

® Ifthe matrix A = |%21 %2 93| then
a3y Q3 Qg
All AZl A31
adj. A = Ap Ay Ay , where AL.J. in the
A13 A23 A33

co-factor of a;.

® A (adj A) = (adj A) A = |A| I, where A is the square
. matrix of order n.

® Any square matrix A possesses its inverse if and only
if A is invertible.

1
o Al=i i
If ax+by+ecz =d;
ax +byy +cz =d,

axx + byy +cgz =dg
then this system can be written in the form of AX = B.

@, "bwel x : d,
where A=la, b, ¢,|,X=|y|andB=|d,
as bR e z d,
ms Multiple Choice Questions 477 000674675%
1 a b+c
1.1fa=" ® €T thena= (BSEB, 2011)
1 ¢ a+b
(a) abc (b) 0
(c)a+b+c (d) none of the above




10.

10 2
CIfA = ‘30 6{ , then A = (BSEB, 2011)
(a)0 (b) 10 (c) 12 (d)60
1-x 2
} 18 6| Il g @l then the value of x is :
(BSEB, 2012)
(a)x6 (b)6 (c)-5 (d)7
cos0® -—sin0
CIfA= sin®  cos@l’ then adj Ais : (BSEB, 2012)
cos® -—sinb 10
(a) [sine cos 6] (b) [0 1}
cosO sin6| -1 0
() [—sine cose] (d)[ 0 —1}

. If w is a non-real root of the equation x% — 1 = 0, then

1 w w?
wowt 1) (BSEB, 2012)
w1 w
(a)0 (b1 (0w (d)w?
317
. Thevalue ofthedeterminant |5 0 2| is: (BSEB,2013)
2 5 38
(a)124 (b)125 (c)134 (d) 144
4a 1 6
. The value of [3a 7 4| is:
10 2 1
(a)1 (b)2 (c}4 (do
a-b m-n x-y
. The value of |b—c n—.p y—2z| is:
c—a p-m z—x
(a)0 (b)a+b+c

(bm+n+p dx-y+z

. The co-factors of the first column elements in the

5 20
determinant |4 _,| are:
(a)-1,3 (b)-1,-83 (¢)-1,20 (d)-1,-20
Which of the following determinant is equal to the
1 0 2
determinant |5 ~2 I 7
1 1 2
2 5 4 1 3 2
(a) -3 -2 -1 b2 -1 4
1 1 2 0 25
2 -1 4 2 01
@0 -2 5 @--1 2 3
1 3 2 |4 5 2

Y

1 x x*
11. Find the value of |1 y % = (BSEB, 2015)
1 z 22
@a-y)y+2)z+x) bx+y) -2 (z-x)
©@x-—y)y—2)(z+x) (d)x-y)(y—-2)(z-x)
345
12. Find the valueof |0 2 38| = (BSEB, 2015)
0 0 7
(a)40 (b) 50 (c)42 (d) 15

Ans. 1. (b), 2. (a), 3. (c), 4. (c), 5. (a), 6. (c), 7. (d), 8. (a),
9. (d), 10. (¢), 11. (d), 12. (c).
m Very Short Answer Type Questions ‘04
x x+1

Q. 1. Evaluate: A= |, _;

[USEB, 2013, CBSE, 2014 (Comptt.)]

X x+1
Solution :

A= x-1 x
=@ x-1D-E-Dkx+1)
=x2—(x%2-1)
=1

Q. 2. Evaluate :

4
g [JAC, 2013]

[ B -

7
7
5
4 9 17
Solution : Let A= 357
5 4 5
=4(25-28)-9(15-35) + 7 (12 -25)
=-12+180-91
=77
Q. 3. Prove that :
a h g
h b f|=abc+2fgh-
g f ¢
Solution :

af® - bg? - ch?.

A_bfh‘hf hob

+
fe g ¢ gg f
=a(be — %) — hch — fg) + g(hf — bg)
= abc - af? — ch? + fgh + fgh — bg?
= abe + 2fgh — af? — bg? — ch?.

2 7 65
Q. 4. Write the valueof |3 8 75
5 9 86 _
[AI CBSE, 2014 (Comptt.)]
2 7 65
Solution : Let A=[3 8 75
5 9 86




Applying C; —» C,-9C,

27 2
A=|3 8 3
5 9 5

= A=0 (s C, and C, are identical)
Q. 5. Prove that :
b+e
q+r r+p pt+q| _oPp 9 T
y+z z+x x+Yy x y z

(CBSE Delhi I,2012; AI CBSE, 14)
a+b

bt+q
x+y

c+a a+bd a b ¢

b+c c+a
Solution : Let A= q+r r+p
‘ y+z Z+x
Applying C, —» C, + C, + C,,
2b+c+a)
2(d+r+p)
2y +z+x)

c+a a+b
r+p p+q
2+x x+Yy

A=

a+b
ptq
x+y

b+c+a c+a
=9 |g+r+p r+p
y+z+x 2+x

(Taking common 2 from C,)
Applying C, > C,~C,and C; —» C;-C,
b+c+a -b -c
=2@g+tr+p —-q -r
y+z+x -y -2
b+c+ta b ¢

=9(-12lg+tr+p q r
y+z+x y 2z

b+ec+a b ¢
=2g+r+p q r
y+z+x y 2
ApplyingC, - C,-C,-C,4
a b ¢
=2|p q r
x y z
5 3 8
Q.6.IfA= |2 0 1, write the minor of the ele-
1 2 3
ment a,g. (CBSE, Delhi, 2012)
Solution :
Minor of the element a,, in A
5 3
= ’1 2

=10-3=7

e

5 3 8 E e &
Q.T7.IfA = 2 0 1|, write the ¢o-factor of the

1 2 3
element a,. ‘ (CBSE, D{zlhi, 2012)
Solution : =t
We have
5 3 8
A=12 0 1
1 2 3
co-factor of the element a4, in A
5
—(_ 1y3+2
== 2 1
=-(5-16)=-(-11)=11.
,' e 7
Q. 8. Find the value of x if o 10

(BSEB, 2014)

Solution : - =-10
= () (x) - (7) (x) =—10
= x2-Tx =—10
= x2-Tx+10 =0
= x—-2)(x-5) =0

x=2,5

Q. 9. Let Abe a square matrix of order 3 x 3. Write
the value of |2A |, where lgAl =4.
e (CBSE, Delhi, 2012)
Solution :
-+ A be a square matrix of order 3 x 3, therefore
[2A] =2x2x2 |A]

=8x4
=32
3 x| 8 2
Q. 10. Find the value of x if x 1 =’4 1‘
(USEB,2014)
3 x 3 2
Solution : x 1 = la 1\
= 3-x2=3-8
= 3-x2=-5
= x2 =9
i x=%3
x+1 x-1| |4 -1
Q11 If |, g ,.9 =\1 g|» then write the
value of x. (CBSE, 2013)
) x+1 x-1 4 ——1‘
Solution : x—3 x+9 =‘ 3|

=E+DE+2)-x-3)x-1=12+1
= @2+3x+2)—(x?-4x+3)=13

= Tx-1=13
= Tx =14
i x=2



Q. 12. If 3; Z’ _ ’i ;’4 then find the value of x.
o (AI CBSE, 2014)
3x 7 8 7
Solution : 9 4‘ = ’6 4)
= (8x) (4) - (-2)(7)=32-42
= 12x + 14=-10
= 12x=-24
9% & |6 -2
Q.13. If 8 x| 17 3| , write the value of x..
(CBSE, 2014)
2x 5 6 -2
Solution : 8 = ’7 3’
= 2x2_-40=18+ 14
= 262 =72
= x%=36
x=%6

Q. 14. Show that x = 1 is a root of the equation
x+1 2x 11
2 =x+1 -4|=0
-3 4x-7 6

Solution : Putting x = 1in
x+1 2x 11
2x x+1 -4| =0, we get

(JAC, 2014)

-3 4x-7 6
2 2 11
2 2 -4 -0
-3 -3 6
= 0=0

(LHS =0as C, and

C, are identical)
which is true
Hence the result.
w Short Answer Type Questions /000

Q. 1. If a, b, ¢ are in A.P., then find the value of
the determinant : (BSEB, 2013)

x+2 x+3 x+2a
x+3 x+4 x+2b
x+4 x+5 x+2¢

x+2a
x+2b
x+2c

x+2 x+3
x+3 x+4
) x+4 x+5
Applying R, >R, + R,-2R,
0 0
x+3 x+4
x+4 x+5
0 0
x+3 x+4
x+4 x+5

Solution : Let A=

2a+2¢c-4b
x+2b
x+2¢

2Ua +c—2b)
x+2b
x+2c

A=

0 0 0
_1x+3 x+4 x+2b

x+4 x+b6 x+2¢c

" a,b,c arein AP,

2b=a+c

= a+c-2b=0
=0 (-~ each element of R,is 0)
Q. 2. Using property of determinants, show that
x+y 2x 2x
2x x+y 2x = (Bx + ) (y - 2)

2x 2 x+y

(BSEB, 2014)

x+y 2x 2x
Solution : Let A= | 2x x+y 2x
: 2x 2 x+y
Applying R, — R, +R,+R,
bx+y 'y bx+y
A=] 2x x+y 2x
2x 2k x+y
1 | 1
=(Bx+y) |2 x+y 2x
2 2x x+y
[Taking out common
(6x + y) from R, ]
Applying C, —» C, - C, and Cy3—>C;-C,
1 0 0
A=(x+y) [2* Y% O
3x 0 y-x
y-x 0
=(6x +y) 0 y-x
(expanding along R, )

= (5x +y) (y ~x)2
Q. 3. Express the determinant |A| in factors,
where: :

1 1
Al =|® °l=(a-b)d-c)c-a)a+b+c)
a-‘i bﬂ cfl
(CBSE, Delhi 11, 2012)
1 1 1
Solution: We have |A| = |¢ b ¢
a® b
ApplyingC, - C,~C,and C, —» C,-C,
0 0 1
A= 970 e e
ﬂ"j . b.i b:i - ca 03
0 0 1
_ a-b b-¢c c
(a-b)a®+ab+b®) (b-c)d®+be+c?) ¢




0 .0 1|

—a-bb-o| 1 1 g
o’ +ab+b® b2+be+ct ¢
Expanding along R,,

=(a—b)(b—c).1[1(b%+bc+c?) - 1(a? +ab + b2
=@=-b)b-0) b—-a)+c—a)lc+a)
=(@-b)b-c)c—a)la+b+o).

Q. 4. Show that :

1+a®-b° 2ab -2b
2ab 1-a®+b? 2a =(1+a2+b?3
2b -2a 1-a®-b®

(CBSE, Delhi, 2009, BSER, 2013)

Solution :

1+a®-b° 2ab -2b
2 2
TaBAE 2ab 1—\a~ +b 2a
2b —2a 1-a®-b?
1+a2+b*. 0 -2b
o 2 2
then, A = o l+a’+b zas L
b(1+a®+b?) —-al+a® +b%) 1-a®>-b°
(applying C, » C; —bCj3, C, > Cy + aCy)
1 0 -2b
=(1+a2+b2)? 0 1 2a
b —a 1-d*-b°
(Taking out common 1 + a® + b*
from C, C,)
Expanding along C,,
A=(1+a2+b2?[1{1-a?-b%+2a2) +b (0 +2b)]
=(1+a2+b22 (1 +a?+b%)=(1+a®+b?
Q. 5. Show that A = A, where
Ax x* 1 A B C
A=[By » 1,A=|x ¥y 2
Cz 2* 1 zy zx. Xy

[AI CBSE, 2014 (Comptt.)]

Solution :

We have
A B C
A= x y =z
zy zx Xy

Operating C, - xC,, C, 5 yC,, C; »2C;and therefore
dividing the determinant by xyz,

o |Ax By Cz
A= xixz ey
xyz xyz xyz
Ax By Cz
" xye e _‘_n’“ zi
Mlr 1 1

_ By y* o1

1(;2_
Q. 6. Using properties of determinants, prove
that :

(by property 1)

N

a b e
a b =(@a-b) (b-c)(c-a)(ab+bc+ca)
be ca ab)

[CBSE, 2013 (Comptt.)]

Solution :

a b ¢
2 2 2
Y R 8 &
be ca ab
Applying C, » C, -G, and C, —» Cy—Cy
\ a-b - b—c c
4 (a-b)a+b) (b-c)b+c) ¢
—cla-b) —ab-c) ab
1 1 c
. 2
= (@-b) (b —¢) a+b b+c c
2 - -a ab

b —c from C,,C, respectively

Applying C; - C, -G,

[Taking out common a — b, ]

0 1 c
2
—(@-b)(b-c) a—-c b+c ¢
a-c -a ab
0 1 c
—(a- b)(b—c)(a—c)l bte ¢
-a qb

(Taking out common (a — ¢) from C,)
ApplyingR, - R, — R4
0 1 ¢ l

a+b+e ¢ —ab

=(a-b)b—-c)a—- C)‘

ab

1

=@-0)(b-0@-0 |, pic *-ab

Expanding along C,.
=(a— b)(b e)(a—c)l(c2—ab) - c(a+ b+ce)

=(a-b)(b-c)(a—c)(~ab—-ca—cb)
=(a-b)(b-c)(c—a)lab +bc+ca)
Q. 7. Without expanding the determinant show
that :
x+y x x

Sx+4y 4x 2% _,3 (CBSE, Al, 2009, 14)

(Taking out common xyz from Cj)

10x+8y 8x 3x




Solution :

Let A
then A
where Ay
Now, A

Applying C,

!‘OU!

x+y x  x
Bx+4y 4x 2x

10x+8y 8x 3x|

lx x x y x x
5x 4x 2«
10x 8x 8x

- 4y 4x Ix
8y 8x 3x

A+ A,
X X x y X
_ S5x 4x 2x and A, =
10x 8x 3x

x x x
5x 4x 2x
10x 8x 3x
1 11
= 43 5 4 2
10 8 3

(from property 4)

X

4y 4x 2x
8y 8x 3«

(Taking out common x from C;, Gy, Cy)

—C,-C, and C,— C;-C,

I 0 0
_.3] 8 -1 -8
10 -2 -7
st 9 -
=x% | g 7 (Expanding along R )

=x? (7 - 6) = «8
y x x
_ |4y dx 2«
8y 8x 3dx
111
4 4 2
8 8 3

a
= x%y

(Taking out common y, x, x from C,, C,, C, respectively)

=
=

Q. 8. Factorize :

Solution :

Let A =

Applying R,

=x% (0) (. C, and C, are identical)
=0
A=A+ A,
A=x3+0
A =43
a-b-c¢ 2a 2a
2b b-c-a 2b
2¢ 2¢ c—-a-b
(JAC, 2013)
au—-h—e¢ 2a 2a
2b b-c-a 2b
[ 2 2c c—-a-b
- R, +R, + R,

a+b+c a+b+c a+b+ec

A= 2b b-c—a 2b
2¢ 2c c—a-b
|1 1 1
= A= @%b +¢) 2b b-c-a 2b
|2¢ 2¢ c—a-b

[Taking out common (a + b + ¢) from R, |
Applying C, — C, - C, and C; > C3-C

1 0 0
A =(a+b+c) 2 ~la+b+e) 0
2¢ 0 —(a+b+c)
~a+b+c) 0
=le+tb+re)| ~a+b+e)
Expanding along R,
=(a+b+c)

Q. 9. Using properties of determinants, prove . .e
following : (CBSE, 2013; 14 (Comptt.))

1 x a2
2
X 1 X =(1_x3)2
x 2?1
‘1 x  x2
2
Solution : Let A = * 1 x
x x> 1

ApplyingR, - R, -R,and R, - R,-R,

1-x* x-1 x*-x
2 .
A=l ® 1 x
x-x" 2*-1 1-x
1-x)1+x) -1-x) -x(1-x)
g x> 1 x
x1-x) —~Q-201+x) 1-x
[1+ -1 ~x]
={1—=-n)F|x | x
| x (L4+a) 1
[Taking out common (1 - x)
from R, and R, ]
Applying C; - C, +C, + C,
0 -1 —X
=(1-x)?2 [1+x+a° 1 %
0 -1+x) 1
' -1 -
=(1-x)? .|—11 +x+x°
(1-x) | ! x)—(1+x) 1

=—1-xP A +x+x2) {1 +x+x2)
=(1-x)21 +x +x2)2

={(1-x)(1 +x+x2)2

=(1-x3)2




N\ £

Q. 10. Using properties of determinants, show
that :

b+te a a
b ct+a b | =4abc.
c c a+b

[CBSE, Delhi, 2012; BSEB, USEB, 2013;
AI CBSE, 2014 (Comptt.)]

Solution :
b+c «a a
LHS = b c+a b
c ¢c a+tb
Applying R, - R, + R, + R,
Ab+e) 2Ac+a) 2a+b)
iy b ct+a b
c c a+b

Taking 2 as common from R,

b+c c+a a+b
-9 b c+a b '
c ¢ a+b
ApplyingR, >R, - R, andR; > R;-R,
lb+c e+a a+b
C 0 —a
—b -l 0

=2

Applying R, » R, +R, + R,
‘ 0 ¢ b
0 -a
-a 0
=2[0-c(0—ab)+b (ac-0)]

= 2abc + abe)
= 2 x 2abc = 4abc.

_ }_’. —
5

Hence proved.
- Long Answer Type Questions 7/7//z:010:04:7:077%,
Q. 1. Using properties of determinants, prove the

following : (AI CBSE, 2013)
x x+y x+2y
X+ 2y x x+y| =92 (x+y)
x+y x+2y x

Selution :

x x+y x+2y
Let A = |x+2y x X4y
x+y x+2y x
Applying C, —» C, + C, + G,

3x+y) x+y x+2y
3(x+y) X x+ Yy
x+y) x+2y X

A =

1 x+y x+2y
=Sy * T
1 x+2y %
[Taking out common 3 (x +y) from C)]
Applying R, > R,~ R, and R; — R;-R,,
1 x+y x+2y
A=3@x+y)[0 -y -y

0 vy 2
i A
=3 (x+y) ¥ 2y
(Expanding along C,)
=3(x+y) (22 +y?)
=9y% (x +)
Q. 2. Using properties of determinants, prove the
following : (AI CBSE, 2013)

3x -~x+y —-x+2
x—-y 3y z-y
x—z y-—-z 3z
Solution :

=3 (x+y+2) (xy +yz +2x)

3x —x+y -x+z
Let A=|lx-y 3y z2—y
x—-z y-—-=z 3z

Applying C, » C, +C, + C4

x+y+z —x+y -x+2
A=lx+y+z 3y z—y
x+y+z y-—-=z 3z

1 —x+y —x+2
=x+y+2) |1 3y z-y
1 y-z 3z
[Taking out common (x + y + 2) from C,]
ApplyingR, >R, - R, and R; > R;~R,;
1 -x+y -x+2
A =(x+5'+z) 0 2y+x —-y+x
0 —z+x 2z+x

2y+x -y+x
=l +y+2) -z2+x 2z+x
- (Expanding along C))
Applying C; - C,-C,
3y -y+x
,=(x+y-fz) -3z 2z+x
Yy —-y+x
=8kc+y+2) |, 94y |
|
(Taking out common 3 from C))

=3@x+y+2)ly2z+x)+z(-y+x)}
=3 @x+y+2) Qyz+xy—-yz +2x)
=3 (x+y+2)(xy +yz +2x) ‘



Ueterrminants 41 )
Q. 8. If x, y, z are different and - i .
2 14 a8 M+l o« x
+x xyz
x x2 ~71+ i A=ﬁ yz y2+1 y2
A=Y Y Y| = 0, then show that 1 + xyz = 0. Y2 g2 2 22+l
z 22 1+2°
(CBSE, AI, Compartment, 2009; Applying R, 5 R, + R, + R,
USEB, 2009, 14, CBSE,DElhl, 2008) 1+ 22 '+y2 +2% 1442 +y2 +22 1aat+ 11'/ +2°
Solut.ion g . ' A = y? y2 41 .1,;? ]
Given determinant can be written as, g 2 21
x 2 1 |x x* 1 1 1]
2 1 + 2 3 2 2 2
A= ¥ yroy —(lexeye) [ VL
z 2 1 |z 2 «x 22 22 i
2 2
5 & 1 xx [Taking out (1+x* + ¥* + 2*) common from R,]
B P U+ayz|l y ¥ Aoplvi
= pplying C, - C,—-C, and C; — C; - C,
z 221 1 z 22
e o2 L 1 00
x X x x
1 2| 4 vz 11 2 A=0+x2+y2+22) ¥y 10
—ueft ¥ Yrezl oy Y 20 1
1 z z 1 2 z
1 x x2 1 O
] =1 +x%+y2+2? 0 1 (Expanding along R,)
Y Yias xyz)
1 2z 22| =(1+x2+y2+2%)(1-0)
A 1 =1+x2+y%+22
L I =3 Q. 5. Prove the following using proypu; ties of
Now I* ¥ YI_10 y-x y* - determinants :
1 2 2% |0 z=x 22-x? a+b+2¢ a b
(applyingR, > R,-R, andR, 5 R;-R)) c b+c+2a b =2(@+b+c)
1 x & c a c+a+2b
(CBSE, 2012, 14)
== %) 01 y+x
0 zZ+x a+b+2c a b
=(y-x)z—-x).1{z+x)-1(y +x)} . c b+c+2a b
) . :Let A=
(Expanding along C,) Solutian:jleet 5 a o+ a+2bl
) =(y -2z -xXz-y) = (x—y)y—2)2—-x) .
. A = (1 +xy2)x - y)y - 2)z — x) Applying C; — C, + G, +Cy
Given A =0, 2a+b+c) a b
AW +xyz)x—y)y—2)z-x)=0 —2Aa+b+c) btc+2 b
But x2yzz=(x-y)y-2)z-x)20, 43Nl £ crea 5
5 1+xyz =0 2(a+b+c) a cta+2h
Q. 4. Using properties of determinants, prove the 1 7 b
follovs;mf : (CBSE, 2014) _2@+b+c) [l btc+2a b
S :yl i 1 a c+a+2b
Xy + Z
- y e 2y 5l = 142%+y24+22 [Taking out common 2(a + b +¢) from C,]
ApplyingR, > R,-R,and R; > R; - R,
2+l xy xz i 5
a
2
Solution: Leta=| ® Y *1 2 —2@+b+c)|0 atbrc 0
xz yz 22+1 b 3 b
Multiplying R,, Ry, R; by x, y, z repectively and R
therefore dividing the determinant by xyz, at+b+c 0
2 2 2. =2(@+b+c)
x(x®+1) Xy x°z 0 a+b+c
A=—| x* ¥+ ¥ (Expanding along C,)
W g yz? 222 +1) =2@+b+c)@+b+c)?
=2(@+b+c)

(Taking out common x,y, z from C,, C,, C, respectively)




| LR o . — =
Q. 6. Prove that :
e 1 abe 1+1+1+1
1 1+ 1 |= e b e
1 1 1+c¢

=abec '+ be + ca + ab

(BSER, Al CBSE, 2014) |

1+a 1 1
1 1+6 1
1 1 1+c¢
(Taking a, b, ¢ common from R,, R,, R, respectively)

1
a

Solution: Let A =

1+

A =abe i %

+ O Q=

o= + Q=
o=

O O|l=

Applying R, - R, + R, + R,

1+1+I§+1 1+a+l1)+%

=

1+%+%+

A= abe

Q= Ot
ol

=
—t
+ O
Ot

= abc[1+l+1+l) ST %

+. = =

= +
Ol=

1

c
[Taking out common (1 + % + % + % from R, |

Applying C,—» C,-C,and C, > C,-C,,

00

ab'c(1+1+ll)+1j

a 4

>
]

10

01

Ok Ok M

10
01
(Expanding along R,)

abc(1+1+1+1]
a b ¢

abe |1+~ i + 11) +1
a
Q. 7. Solve by matrix method the following sys-

tem of equations : (USEB, 2014)
2¢ -3y + 52 =11
S3x+2y-4z =-5
x+y-22=-3

Solution :
The given system of equations is
2x-3y+5z =11
3x+2y—42 =-5

xX+y—-2z=-3

2 -3 bllx 111-
= 32 —4f|ly|l_|-5
1 1 -2|[z2 -3

and

= A is invertible.

= A-1exists.

Now,

To find adj. A :

AX = B, where
2 -3 5
A_|3 2 4

1 -2
4
y o U
B = -5
-3
-3 b
|[Al =13 2 —-‘1-'I
1 1 -2
=2(-4+4)+3(-6+4)+5(3-2)
=0-6+5==1%0
4 _adi.A
Al
2 -4
Gy =lly o=
3 —4
Cipg == —g| =2
3 12
(1’.1% =11 1‘ =1
-3 5
Cu=|] -1
2 5
022 =1 _2{ =-9
2 -3
Cyy =— 1 1/ =-5
-3 5
2 5
Cyp =- g _4/ =23
2 -3
Cyy = 3 2‘ =13
0 2 1
adjA=|-1 -9 -5
2 23 13
0 -1 2
=12 -9 23
1 5 183
0 -1 2
Al=_|2 -9 23
1 -5 13
0 3 -2
= |=2 9 -23



The solution is given by

X=A1B
[x] 0 1 -2][11
. yi_1-2 9 23| -5
| 2| -1 5 -13]|-3
El i 0-5+6]
— y| - |22-45+69
| 2| |—11-25+39
= (1
= Y| =2
| 2| |3
= x=1,y=2,2=3

(by determination of equality of two matrices)
Q. 8. Using Cramer’s rule, solve the following
system of linear equations : (CBSE, Delhi, 2012)
x-y+2z2=17
3x+4y-5z =-5
2v -y + 3z =12

1 -1 2

3 4 5]

2 -1 3
=1(12-5)+1(9+10)+ 2(-3-8)
=7+19-22
=26 —22
=4 0.

. D=0

.. Solution exists.

Solution : Let D =

1}
|
(91
N
|
9

Now D,
12 -1 3
=7(12-5) + 1(- 15 +60) + 2(5 — 48)
=T7TxT7+45 +2 x (- 43)
=49 + 45 - 86
=94-86=8
1 7 2
Dy= 3 -5 -5
2 12 3
=1(-15+60) - 7(9 + 10) + 2(36 + 10)
=45-7x19 +2 x 46
=45-133 + 92
=137-133=4
1 -1 7
Dz=|3 4 -5
2 -1 12

=1(48-5) + 1(36 + 10) + 7(~ 3 - 8)
=43 + 4677
=89-77=12

D, 8

=—=—:2
YT DTy

D 4
D, 12
=—'=——:3
and z D 1

Hence,x=2,y=1andz=3
Q. 9. Using Cramer’s rule, solve the following
system of equations :
2¢+3y+32 =5
x-2y+z=-4

3x-y-22=3 (CBSE, Outside Delhi, 2012)
Solution :
2 3 3
Let D=1 -2 1
3 -1 -2

24+1)-3(-2-3)+3(-1+6)
=2x5-3x(-5)+3x5
=10+15+15=40-0

. D=0

.. Solution exists.

5 3 3
Now D,=|4 -2 1
3 <1 -2

=54+1)-3(8-3)+34 +6)
=5x5-3x5+3x10
=25-15+30=40

2 b 3
D, =1 -4 1
8 g =
=2(8~3)-5(-2-3)+3(3+12)
=2x5-5x(-5)+3x15
=10 + 25 + 45 = 80
2 3 5
D,=[1 2 —4
3 -1 3

=2(-6-4)-33+12)+5(-1+6)
=2(-10)-3x15+5x%x5
=-20-45+25
=—65+25=-40
D, 40 _
Therefore, x = D 0"
D, 80
LDy D
D, -40
‘ D 40
Hence,x=1,y=2andz =-
Q. 10. Using Cramer’s rule, solve the following
system of equations :
Ix+4y+ 72 =4
2¢-y+32=-3
x+2y-32z =8

and =

(CBSE, Delhi 111, 2012)




Solution : Taking common (ab + ac + bc)
3 4 7 1 be 1
Let D=2 -1 3 A=(@@b+ac+be) |l ca

1 2 -3 1 ab 1
=3(8-6)-4(-6-3)+7(4+1) Since, /, and I, are identical, thus
=3(-8)-4-9+Tx5 A=(ab+ac+bc).0
=-9+36+35 = A=0
=62+0 g Q. 12. Without expanding, prove that :

D=0

xX+y y+z z+x
Solutlon exists. N

; z x y |=0 (JAC, 2015)
e, 4 o1 1 1
D,=|-3 <1 3
8 2 -3 x+y yt+tz z+x
=4(3-6)-4(9-24)+7(~6+8) Solution : Let A=z x Y
=4(-3)—4(-15) +7(2) 1 1 1
=~12+60+ 14 ApplyingR, >R, +R,
=62 x+y+2 x+y+z x+y+z
3 4 7 A= 2 X y
Dy= 2 -3 3 1 1 1
i r 13
=3(9-24)-4(-6-3)+7(16 + 3) _ o iy
= 3(~ 15) — 4(-9) + 7(19) =k +y+2) Y
=—45+36 + 133 111
=124 Since R, and R, are identical, thus
A=(x+y+2.0
3 4 4 = A=0
and D =2 -1 -3
1 2 8 x+y y+z z+x
—3(-8+6)-4(16+3)+4(4+1) or |2 *x ¥ =0
= 3(~ 2)— 4(19) + 4(5) 0 R
=—6-76+20=—62 Q. 13. Prove that :
D. 62 b+e a-b a i
Therefore, z == =1 c+a b-c bl =3abc-a®-b®-cb (JAC,2015)
a+b c-a c
_Dy 124_,
YD 62 b+c a-b a
D, -62 Solution : LHS = [c+a b-c b
i =D "2 ' “ja+b c—-a ¢
Hence,x=1,y=2andz=-1 ApplyingR, >R, +R, +R,
1 bc a(+c) Aa+b+e) 0 a+bdb+c
Q.11.Evaluate A= {1 ca b(c+ a)| (BSEB,2015) = ct+a b-c b
1 ab c(a+b) a+b c—-a c
1 bc alb+o) 2 0 1
Solution : ' A=[1 ca blc+a) =(@+b4c)lcta b-c b
1 ab C(a+b) a+b c—a ¢
Applying C; - C, +C,4 Applying C, - C, -2C,
1 be ab+ac+bce 0 0 1
A=l ca ab+ac+bc =@+b+c) [(c+a-2b) b-c b
1 ab ab+ac+be (@+b-2c) c~a ¢




c+a—-2b b-c¢
=(a+b+c)l LD Soe 2 (Expanding C,)
Applying C, - C, + 2C,
a-c b-c¢
=\ar o) b-a c-a
.=(@+b+o)lla-c)c—a)-(b-a)b-c)

=(@+b+c)lac-a®—c?+ac—b2%+bc+ab-acl

=(@+b+c)lac+bc+ab—-a?-b%-c?)
=(@a+b+c)[-(a®+b%+c%—ab-be—ca)l
= 8abc — a3 - b% - ¢® = RHS
Q. 14. Solve the following equations by matrix
method :

x-2y+2=0
2c-y+2=3
x+y+z=86 (JAC, 2015)
1 21 x 0
Solution : Here A= 2 -1 1), X=|y| and B= |3
1 11 z 6
1 21
Al =12 -1 1|=1(-1-1)+22-1D+1(2+1)
1 11
=—-2+2+3
=3#0
v -11
A= i+t i 1l:lx(—l—l):—-z
21
_ 1+2 _ ] —
A,=CD"" 1 1}——1><(2—1)——1

-1
1| =1x(2+1)=3

-2 1
Ay = 1T 1|=-1x(—2-1>=3

Ay, = (-172+2 ! 1‘ =1x(1-1)=0
11

A23=(—1)2+3:]1- _i‘=—1>((1+2)=—3
-2 1
A31=(—1)3+1_1 1J=1><(-2+1)=-1

11
‘:—1x(1—2)=1

— (_1)3+2
Ay =172

il
Ay =12+ _1‘ =1x(-1+4)=3

-2 -1 3 -2 3 -1
cadj A= 3 0 -3[=(-1 0 1
-11 3 3 -3 3
A 2 3 1
A= 0 1
[A]

BT I
= A1(AX) = A'B

x 1'—2 3 -1][0
y 25_1 0 1|3
z | 3 -3 36
0+9-~6 3
1 1] .
=§0+0+6 :56:2
10-9+18 9] |8

x=1,y=2andz=3
Q. 15. Prove that :
1 a a?

1 b b®
2

=(a-b)(b-¢)(c-a) (USEB,2015)

1 ¢ ¢

i
az

1 a
Solution : LHS = [1 &b b°
1 ¢ ¢
ApplyingR, > R, - R,andR, >R, -R,
1 «a a’
=10 b-a b%-a?
0 c—a c®-da®

Taking common (b —a) from R, and (¢ - @) from R,

1 a a
=b-a)lc—-a)0 1 b+a
01 c+a
ApplyingR, >R, -R,
1 a d°
=b-a)ic-a)|0 1 b+a
0 0 ¢c-b
Taking (¢ - a) from R,
1 a o
=(b-a)c—-a)(c-b)|0 1 b+a
0 0 1
Expanding C,
1%
=(b—a)(c—a)(c—b).1\0 a

=b-a)lc-a)(c-b).1
=@-b)b-c)c-a)
= RHS
Q. 16. Evaluate the determinant :
2 31
4 6 2
1 3 2

(USEB, 2015)




Since R1 and R2 are identical, thus
=0

/) NCERT QUESTIONS Wi

Q. 1. Using properties of determinants, prove
that :

-a* ab ac
ba -p* be| =4a2b2c?

ca cb _p?

(CBSE, 2011)

Solution
—a? ab ac
Let A=|ba -p* be
ce  ch ot

Taking out common a, b, ¢ from C,, Cy, Cyrespectively

-0 a a
=abc| b -b b
(& C —

Taking out common a, b, ¢ from R,, Ry, R, respectively
-1 1 1
=a2b22| 1 -1 1
1 1 -1
ApplyingR, >R, +R, + R,
0 0 2
=a2%2 (1 -1 1
1 1 -1
=a?b?c? [2(2)] = 4a?b2c?

(Expanding along R,)

Q. 2. Using properties of determinants, prove the

following : (CBSE, Delhi, 2011)
x v z
B 2 2
“’a ya .| =xyz x-y)y-2)(z-x).
x ¥y =
x vy z
Solution  LHS = |x* y* 2°
x3 yS 23

Taking out common x, y, z from C;, Cy, Cg

1 1 1
=xyz |x Yy =z

x2 y2 22

DPpayscy av] 7 AV] T alg Al dvg T I\s - 'H'Z

0 1 0
=xyz | X~y y z-Y
-y y? 2o y?
Taking out common (x —y) and (y - 2) from C, and C,
respectively 18
0 1 0
1y ~1

=xyz (x —y) (y - 2) ]
x+y y* —(y+2)

Expanding along R,
=ayz(x —yNy—2) -1~y -z +x +y)]
= xyz(x —y)y —z)(z —x) = RHS
Q. 3. Using properties of determinants, solve the
following for x :

x—-2 2x-3 3x-4
x-4 2x-9 3x-16|=0
x—8 2x-27 3x-64
(CBSE Outside Delhi, 2011)
x—2 2x-3 3x-4
Solution : [x-4 2x-9 3x-16 =0
x—-8 2x-27 3x-64
Applying C, - C, ~2C, and C; - C; - 3C,
x—2 1 2
A=lx-4 -1 -=-4|=0
x—8 -11 -40 |

ApplyingR, > R, - R, and R; >R, - R,

x—2 1 2
A = -2 —2 ' —6
-6 -12 -42

Taking out common (- 2) and (- 6) from R, and R,
respectively '
x=2
A=(-=2)-6)| 1
1

N = =
-3 W N

Applying R, >R, -R,

x-2 1 2
A=12(1 13
0 14
Expaning along C,

A= 12{x~-2¥4-3)-(4-2)}=0
= 12x-4)=0
x=4
[ | |



